Abstract. We study the Cuntz semigroup for non-simple C * -algebras in this paper. In particular, we use the extended Elliott invariant to characterize the Cuntz comparison for C * -algebras with the projection property which have only one ideal.
Introduction
Classification of C * -algebras by using the so-called Elliott invariant has been shown to be very successful in many cases. Recent examples due first to Rørdam and later Toms have shown the currently proposed invariants to be insufficient for the classification of all simple, separable, and nuclear C * -algebras. There are simple, separable, and nuclear C * -algebras that can be distinguished by their Cuntz semigroups but not by their Elliott Invariant. So the Cuntz semigroup has become popular and important.
In [3] , Brown, Perera and Toms recover the Cuntz semigroup for a class of simple C * -algebras by using the ingredient of Elliott invariant-the Murry-von Neumann semigroup and lower semicontinuous dimension functions. In this paper, we give a characterization of Cuntz comparability for a class of C * -algebras with only one ideal by using the Murry-von Neumann semigroup and lower semi-continuous dimension functions on the C * -algebra and on its ideal. We will give a example to see that though the extended valued traces can reflect the ideal structure of C * -algebras, the traces on ideals still have their own meaning.
Cuntz Comparability
Let A be a C * -algebra, and let M n (A) denote the n × n matrices whose entries are elements of A. Let M ∞ (A) denote the algebraic limit of the direct system (M n (A), φ n ), where In the sequel, we refer to this object as the Cuntz semigroup of A.
Proposition 2.2. ([[12], Proposition 2.4]) Let
A be a C * -algebra, and let a, b be positive elements in A. The following are equivalent:
(iv) for all ε > 0, there exists δ > 0 and x in A such that 
, there exists x n , y n with {x n by n } converging to Lemma 2.6. (see also in [7] ) Let A be an exact C * -algebra for which W (A) is almost unperforated (in particular, A could be a Z-absorbing C * -algebra). Let a, b be positive elements in A. Suppose that a belongs to AbA and such that
where
Thend is a lower semi-continuous dimension function on A. 
, which is a lower semi-continuous dimension function with l(b) = 1. Then by the assumption
In either case, we have
Since a ∈ AbA, f ε (a) ∈ AbA. Therefore, by Proposition 2.5
Hence a b.
Definition 2.7. Let A be a C * -algebra with the ideal property. Let A ++ be the set of A + consisting of all positive elements which are not Cuntz equivalent to a non-zero projection in any quotient of A.
Lemma 2.8. Let A be an exact C * -algebra for which W (A) is almost unperforated (in particular, A could be a Z-absorbing C * -algebra). Let a ∈ A ++ and p be a projection in A. Then p a if and only if p ∈ AaA and d τ (p) < d τ (a) for each τ ∈ TA with d τ (a) = 1.
Proof. The reverse direction immediately follows from Lemma 2.6. Now suppose p a, then by Proposition 2.3, there exists a positive element c with p ⊕ c ∼ a. Considering the quotient A/(c), where (c) stands for the ideal generated by c, we have a ∼ p in A/(c). 
Since a ∈ A ++ , [a] is not a projection. So [b] = 0. If τ ∈ TA with ker(τ ) = I, then τ is a lower semi-continuous trace on A/I. Therefore,
Now suppose the condition (1) and (2) hold. If τ ∈ TA satisfying ker(τ ) = 0, then τ is a faithful trace on A. Since q is not a projection in A, 0 ∈ σ(q) is not an isolated point. For any ε > 0, there exists δ ∈ σ(q) such that
for all τ ∈ TA with ker τ = {0}.
Therefore,
By Lemma 2.6,
Thus, q a.
Remark 3.2. For the second part of above proof, a can be any positive element. That is, we do not require a that belong to A ++ . Lemma 3.3. Let A be an exact, Z-stable C * -algebra. Suppose A has only one non-trivial ideal I, which is also exact and Z-stable. Let a ∈ A ++ and b ∈ A + . Then a b if and only if
Proof. The sufficiency is clear. If a = 0, then the conclusion is true. So we assume a = 0. If a, b ∈ I, then for any τ ∈ TI, τ can be extended to an element in TA. Thus,
Since I is simple, a b follows from the Proposition 2.6 of [15] .
Since a ∈ A ++ and a = 0, there is a strictly decreasing sequence ε n of positive real numbers in σ(a) converge to 0.
If
for all τ ∈ TA with ker τ = I and all n ∈ N. For τ ∈ TA with ker τ = {0}, we have
Therefore, in this case we can get
for all τ ∈ TA, and all n ∈ N.
By Lemma 2.6, (a − ε n ) + b for all n ∈ N. Since the set {x ∈ A + |x b} is closed, and since (a − ε n ) → a in norm, we have a b.
If a / ∈ I, and b / ∈ I, for τ ∈ TA with ker τ = {0}, we have
For any τ ∈ TA with ker τ = I, then τ is a lower semi-continuous trace on A/I and
Since a ∈ A ++ and [a] = 0, there is a strictly decreasing sequence δ m of positive real numbers in σ([a]) converge to 0. Since A/I is simple, every trace on A/I is faithful.
) for all τ ∈ T(A) with ker τ = I and all m ∈ N. Therefore,
for all τ ∈ T(A) with ker τ = I and all m ∈ N. Since both {ε n } and {δ m } are sequences converging to 0, there exist subsequence n k and m k such that ε n 1 ≥ δ m 1 ≥ ε n 2 ≥ δ m 2 · · · . Without loss of generality, we can assume n k = m k = k. Therefore,
for all τ ∈ TA and all n ∈ N.
Thus, (a − ε n ) + b for all n ∈ N. So a b.
4.
Lemma 4.1. Let A be a C * -algebra and x, y ∈ A be two positive elements. For any ε > 0, there exists δ > 0 such that: if
Proof. Since 
Proof. Necessity. If for any ε > 0, there exists an integer N > 0 such that
Since the above relation holds for all ε > 0, by Proposition 2.2,
in A, such that Proof. By assumption, we know that a = (a − p n ap n ) + p n ap n a − p n ap n 0 0 p n ap n b − p n bp n 0 0 p n bp n For any ε > 0, there exists ε ′ > 0 such that
Since {p n } is a quasi-central approximate unit for I, (b − p n bp n )p n bp n = (1 − p n )bp n bp n → 0. Thus, a b.
5.
For a C * -algebra A with one ideal I which has the projection property, we define 
